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Motivation

Figure: Background Separation Problem
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Basic concepts for tensor

• Let T ∈ Rd1×···×dn . The multilinear rank of T is r = (r1, · · · , rn), if
rank(T(i)) = ri for i = 1, · · · ,n.

• Mode-i product: Let C ∈ Rr1×···×rn and Ui ∈ Rdi×ri , then the
multiplication between C on its i th mode with Ui is denoted as
X = C ×i Ui with

Xj1,··· ,ji−1,k,ji+1,··· ,jn =

di∑
s=1

Cj1,··· ,ji−1,s,ji+1,··· ,jn Ui(k , s).

• Illustration for T = C ×1 U1 ×2 U2 ×3 U3
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Tensor CUR Decompositions

Motivation
Let A ∈ Rd1×d2 with CUR decomposition of A = CU†R. Then
A = CU†R = CU†UU†R = U ×1 (CU†)×2 (RT (UT )†).
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Tensor CUR Decompositions3

Chidori CUR Decomposition4 Fiber CUR Decomposition

3Cai–Hamm–H–Needell, Mode-wise Tensor Decompositions: Multi-dimensional
Generalizations of CUR Decompositions, JMLR, 2021

4Thanks to Dustin Mixon for this name from chidori joint game!
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Characterizations of Tensor CUR Decompositions

Theorem (Cai–Hamm–H–Needell, 2021)

(Chidori CUR) Let A ∈ Rd1×···×dn with rank(A) = (r1, . . . , rn). Let
Ii ⊆ [di ]. Set R = A(I1, · · · , In), Ci = A(i)(:, Ji := ⊗j ̸=i Ij) and
Ui = Ci(Ii , :). Then the following are equivalent:

1 rank(Ui) = ri ,
2 A = R×1 (C1U†

1)×2 · · · ×n (CnU†
n)︸ ︷︷ ︸

CUR

,

3 rank(R) = (r1, · · · , rn),
4 rank(A(i)(Ii , :)) = ri for all i ∈ [n].

Moreover, if the above statements hold, then A = A×n
i=1 (CiC

†
i ).
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Characterizations of Tensor CUR Decompositions

Theorem (Cai–Hamm–H–Needell, 2021)

(Fiber CUR): Let A ∈ Rd1×···×dn with rank(A) = (r1, . . . , rn). Let Ii ⊆ [di ]
and Ji ⊆ [

∏
j ̸=i dj ]. Set R = A(I1, · · · , In), Ci = A(i)(:, Ji) and

Ui = Ci(Ii , :). Then the following statements are equivalent
1 rank(Ui) = ri ,
2 A = R×1 (C1U†

1)×2 · · · ×n (CnU†
n)︸ ︷︷ ︸

CUR

,

3 rank(Ci) = ri for all i ∈ [n] and rank(R) = (r1, · · · , rn),
4 rank(Ci) = ri and rank(A(i)(Ii , :)) = ri for all i ∈ [n].
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Robust Decompositions

Observe: D = L+ S ∈ Rd×···×d , where L is low rank data, and S is
sparse (but arbitrary magnitude) noise

Return: Estimate of L

Assumptions:
(Incoherence) L = C ×n

i=1 Vi (HOSVD):

µi(L) := max
ji

d
r

∥∥∥V T
i eji

∥∥∥2

2
≤ µ.

(Sparsity)
max

ki

∥∥∥S ×i e(i)
ki

∥∥∥
0
≤ αdn−1.
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Robust Decompositions

When n = 2, it is also termed Robust PCA.

Using CUR within iterative Robust PCA (Cai-Hamm-H-Li-Wang,
20211)

1Cai–Hamm–H–Li–Wang, Rapid Robust Principal Component Analysis: CUR
Accelerated Inexact Low Rank Estimation, IEEE-SPL, 2021
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Iterated Robust CUR (IRCUR) – (SVD→CUR)

Remark
Reduce RPCA’s complexity from O(rd2) flops to O(r2d log2 d) flops
per iteration.
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Robust Tensor Decomposition: generalized IRCUR2

2Cai–Chao–H–Needell, Robust Tensor CUR Decompositions: Rapid
Low-Tucker-Rank Tensor Recovery with Sparse Corruption, SIIMS, 2023
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Runtime vs. Dimension
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Runtime vs. Relative Error
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Figure: Runtime vs. relative error comparison: 3-mode tensor with d = 500
and multilinear rank (3,3,3).
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Original RTCUR-F ADMM AAP

Runtime (sec) 6.15 1099.3 97.85
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Face Modeling

1st row: the corrupted faces;
2nd and 3rd rows: output from
RTCUR-F;
4th and 5th rows: output from from
ADMM;
6th and 7th rows: output from
AAP;
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Thanks for listening!

Questions?



Original RTCUR-F RTCUR-R ADMM AAP IRCUR

Runtime
(sec) 3.15 5.83 783.67 50.38 15.71

Runtime
(sec) 6.15 13.33 1099.3 97.85 35.47
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